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Abstract
The normal forms of different one- and two- parametric solutions of Thirring model are
connected with each other by making use of generalized conformal shift transformations. A new
alternative sources of superselection rules are shown and the ways of spontaneous symmetry
breaking are discussed1.
PACS: 03.70.+k, 11.10.-z, 11.10.Kk, 11.15.Tk
1 Introduction
We have shown in the recent works [1] that Thirring model is exactly solvable [2, 3, 4] in fact due to
intrinsic hidden exact linearizability of its Heisenberg equation (HEq) 2∂ξΨξ(x) = −igJ−ξ(Ψ)(x)Ψξ(x),
and that the bosonization rules [5] can acquire “almost” an operator sense only among the free fields
operators χ(x), J(χ)(x) with unambiguously defined normal ordering procedure only for Z(χ)(a) = 1.
For Heisenberg currents with current’s – field’s renormalization constant Z(Ψ)(a) = (−Λ2a2)−β
2
/4π
these rules take place only in a weak sense:
Ĵµ(Ψ)(x)
w
=
β
2
√
π
Ĵµ(χ)(x)
w
= − β
2π
ǫµν∂νφ(x) =
β
2π
∂µϕ(x), for: (1)
Ĵ0(Ψ)(x) = lim
ε˜→0
Ĵ0(Ψ)(x; ε˜), Ĵ
1
(Ψ)(x) = limε→0
Ĵ1(Ψ)(x; ε), with: (2)
Ĵν(Ψ)(x; a) = Z
−1
(Ψ)(a)
[
Ψ(x+ a)γνΨ(x)− 〈0|Ψ(x+ a)γνΨ(x)|0〉
]
, (3)
and ε˜µ = −ǫµνεν , for the first ε˜0 = ε1 → 0, but fixed ε˜1 = ε0, ε2 = −ε˜2 > 0. The following variant
of Oksak solution [6, 7] of this model was obtained [1]:
ΨOkξ (x) = Nϕ
{
exp
(
−i2√π
[
̺−ξη (x) +
ξ
4
Wξη
])}
vξ, with: ξ = ±, (4)
2
√
π ̺−ξη (x) = αϕ
−ξ
(
x−ξ
)
+ βϕξ
(
xξ
)
, 2
√
πWξη = αQ
ξ − βQ−ξ, (5)
1This is extended version of manuscript of lectures presented by the author at Baikal Summer School on Physics
of Elementary Particles and Astrophysics in 3-11 July 2011. The lectures are intended mainly for students and young
researchers as an introductory course of QFT in two dimensions.
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vξ = v̂ξ exp
{
−a0π
8
cosh 2η
}
, v̂ξ =
(
µ
2π
)1/2 (µ
Λ
)β2/4π
ei̟−iξΘ/4, (6)
α2 − β2 = 4π, β = βg
2π
, eη =
2
√
π
β
=
√
1 +
g
π
, α± β = 2√πe±η, (7)
defined for xξ = x0 + ξx1 in the space of massless pseudoscalar field φ(x): Pc(k1)P−1 = −c(−k1),
[c(k1), c†(q1)] = 4πk0δ(k1 − q1), c(k1)|0〉 = 0, for the scalar charge O = φ(−∞, x0) − φ(∞, x0)
and pseudoscalar charge O5 = ϕ(−∞, x0) − ϕ(∞, x0), and left (ξ = +), right (ξ = −) moves:
2ϕξ
(
xξ
)
= ϕ(x)− ξφ(x) and charges 2Qξ = O − ξO5, with: ε(s) = sgn(s),
k0 = |k1|, P 1
k1
=
ε (k1)
|k1| ,
1
4
(
P
1
k1
− ξ
k0
)
=
−ξθ (−ξk1)
2k0
, and: (8)
φ(x) =
1
2π
∞∫
−∞
dk1
2k0
[
c
(
k1
)
e−i(kx) + c†
(
k1
)
ei(kx)
]
≡ φ(+)(x) + φ(−)(x), (9)
ϕ(x) =
1
2π
∞∫
−∞
dk1P
1
k1
[
c
(
k1
)
e−i(kx) + c†
(
k1
)
ei(kx)
]
, (10)
ϕξ(+)(s) = − ξ
2π
∞∫
−∞
dk1
2k0
θ
(
−ξk1
)
c(k1)e−ik
0s, ϕξ(−)(s) =
[
ϕξ(+)(s)
]†
, (11)
Qξ(+)(x̂0) = lim
L→∞
iξ
2
∞∫
−∞
dk1θ
(
−ξk1
)
c(k1)e−ik
0x̂0δL(k
1), Qξ(−) =
[
Qξ(+)
]†
, (12)
[ϕ(x), O] = [φ(x), O5] = i, 2iO5 = c(0)− c†(0), (13)[
ϕξ (s) , ϕξ
′
(τ)
]
= − i
4
ε(s− τ)δξ,ξ′,
[
ϕξ(s), Qξ
′
]
=
i
2
δξ,ξ′, (14)[
ϕξ(±)(s), ϕξ
′(∓)(τ)
]
= ∓δξ,ξ′
4π
ln
(
iµ
{
±(s− τ)− i0
})
, (15)[
ϕξ(±)(s), Qξ
′(∓)
]
=
i
4
δξ,ξ′,
[
Qξ(±), Qξ
′(∓)
]
= ±a0δξ,ξ′, (16)
a0 = a0(L) = π
∞∫
0
dk1k0
(
δL(k
1)
)2
, L→∞, lim
L→∞
δL(k
1) = δ(k1). (17)
For the Eq. (4) constructed in [1] as dynamical mapping (DM), Nϕ means the normal ordering
with respect to c(k1), and the ultraviolet cut-off Λ [4] is introduced for the field regularization
(6). The volume cut-off function δL(k
1) was invented for the charge regularization (12), leading to
nonnegative constant a0 (17) in the commutator (16), connected with the structure of vacuum state
of chosen field representation [3, 4, 6, 7, 8, 1]. Unfortunately any of such (continuous or not) cut-off
regularization induces the fictitious and non-physical x̂0 - dependence of formally conserved charges
2
O, O5 orQ
ξ and their frequency parts (12), and, in general, destroys the above topological definitions
of these charges. Such kind of x̂0 - dependence, being an artifact of the charge’s regularization (12),
should be eliminated at the end of calculation.
The observed weak linearization of HEq together with the nonlinearity of DM (4) and the applied
in a weak sense initial conditions at x0 = 0, have allowed [1] to overcome the restrictions of Haag
theorem, by removing the problems again into the representation construction of physical fields: at
first as reducible massless free Dirac fields χ(x) corresponding to β = η = g = 0 in above formulas
(1)–(7), and then as irreducible massless (pseudo) scalar fields (φ(x)), ϕ(x) (8)–(17), taken here
mutually dual and coupled by the relations (ε(x1) = sgn(x1)):
φ(x)
ϕ(x)
}
= −1
2
∞∫
−∞
dy1ε
(
x1 − y1
)
∂0
{
ϕ (y1, x0) .
φ (y1, x0) .
(18)
These free fields arisen [1] as Schro¨dinger physical fields, in fact play a role of asymptotic ones [6].
Due to automatical elimination of zero mode’s contributions for (10) and for generating functional of
pseudo scalar field [4], the representation space [1] chosen here relaxes the problem of non-positivity
of its inner product induced by Wightman function (15) [6, 7, 8].
2 Other solutions and superselection rules
Now we wish to connect the Oksak solution (4)–(6) with another known solutions of Thirring model
[5, 8]. To this end we use the properly unitary transformation of conformal shift [7] for the fields ϕξ,
generalized in the following way. By making use of the relations (13)–(16), we consider the family
of solutions Ψ(x, σ) = K−1σ Ψ
Ok(x)Kσ, marked by arbitrary real parameter σ:
Kσ = expXσ, Xσ = iσ
ξ
4
(
Q−ξQ−ξ −QξQξ
)
= i
σ
4
OO5, ξ, ξ = ± (19)
Ψξ(x, σ) = K
−1
σ Ψ
Ok
ξ (x)Kσ = Nϕ
{
eRξ(x,σ)
}
vξ(σ), (20)
Rξ(x, σ) = −i
[
2
√
π ̺−ξη (x) +
ξ
4
(α + σβ)Qξ − ξ
4
(β + σα)Q−ξ
]
, (21)
vξ(σ) = vξ exp
{
−a0π
8
[
σ2 cosh 2η + 2σ sinh 2η
]}
. (22)
For arbitrary σ this solution obeys the same canonical anticommutation relations (CAR) and the
same bosonization rule (1)–(3) with the same renormalization constant Z(Ψ)(a). The parameter a0
may be adsorbed into the regularization parameter µ by the re-scaling substitution, which unlike
the Oksak (6) and free cases, now depends on Thirring coupling constant g (7):
µ 7−→ µ exp
{
a0
π
4
(
σ2 + 1 + 2σ tanh 2η
)}
. (23)
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By using (18) and above topological definitions both of charges O,O5, it is a simple matter to check
that σ = ±1 gives the two types of Mandelstam solution [5], while σ = − coth 2η corresponds to
normal form of solution of Morchio et al. [8]. This again demonstrates the advantages of normal
ordered form of DM:
Ψξ(x, 1) = Nϕ
{
eRξ(x,1)
}
v̂ξ exp
{
−a0π
4
e2η
}
, σ = 1, (24)
Rξ(x, 1) = −i
√
π
ξe−ηφ(x)− eη x
1∫
−∞
dy1 ∂0φ(y
1, x0)
 , (25)
Ψξ(x,−1) = Nϕ
{
eRξ(x,−1)
}
v̂ξ exp
{
−a0π
4
e−2η
}
, σ = −1, (26)
Rξ(x,−1) = −i
√
π
eηϕ(x) + ξe−η ∞∫
x1
dy1 ∂0ϕ(y
1, x0)
 , (27)
Ψξ(x,− coth 2η) = Nϕ
{
eRξ(x,− coth 2η)
}
vξ(σ = − coth 2η), (28)
Rξ(x,− coth 2η) = −i
[
2
√
π ̺−ξη (x) + ξ
π
2
(
Qξ
α
+
Q−ξ
β
)]
, (29)
vξ(σ = − coth 2η) = v̂ξ exp
{
−a0π
8
cosh 2η
sinh2 2η
}
. (30)
We would like to point out that σ = 1 corresponds to DM (24), (25) “onto” the pseudoscalar
field φ(x), while σ = −1 gives another form (26), (27) of Mandelstam solution with bosonization
“onto” the scalar field ϕ(x), and that unlike (28)–(29), the original solution of Morchio et al. [8]
has a0 = 0, as well as the original Oksak solution [6, 7], but contains all Klein factors outside
the normal form, so its renormalization constant remains to be unknown. We have used here
that 2̺−ξη (x) = ϕ(x)e
η + ξφ(x)e−η, 2W−ξη = Oe
−η + ξO5e
η, and have utilized for brevity both the
definitions of last identity (7) read also as: α + β = 4π/β = 2
√
πeη, α− β = β = 2√πe−η.
There is another important maybe improperly unitary transformation of the solutions (20),
which introduces the two-parametric extension of Oksak solution (4) and for arbitrary σ, ρ obeys
again the same CAR and the bosonization rule (1) with the same renormalization constant Z(Ψ)(a):
Ψ(x, σ, ρ) = L−1ρ Ψ(x, σ)Lρ = K−1σ Ψ(x, 0, ρ)Kσ, and for ξ, ξ = ± : (31)
Lρ = expYρ, Yρ = − i
2
ρQξQ−ξ = − i
8
ρ
(
O2 − O25
)
, (32)
Ψξ(x, σ, ρ) = L−1ρ Ψξ(x, σ)Lρ = Nϕ
{
eRξ(x,σ,ρ)
}
vξ(σ, ρ), (33)
Rξ(x, σ, ρ) = −i2
√
π
[
̺−ξη (x) +
Σξ+
8
Qξ +
Σξ−
8
Q−ξ
]
, (34)
vξ(σ, ρ) = v̂ξ exp
{
−a0 π
32
[(
Σξ−
)2
+
(
Σξ+
)2]}
, with: (35)
4
Σξ± = e
−η [ξ(1− σ) + ρ]± eη [ξ(1 + σ) + ρ] . (36)
For divergent value of a0 at L → ∞, e.g. for usual box [1], the ξ- dependence of the last expo-
nential of c - number spinor (35), (36) leads to non-physical in general non-renormalizable infrared
divergences of every components of the field (33). For arbitrary ρ this ξ- dependence eliminates
only for the generalized solution (28) with σ = − coth 2η, that transcribes (33)–(36) as:
Rξ(x,− coth 2η, ρ) = −i
[
2
√
π ̺−ξη (x) + ξ
π
2
(
Qξ
α
+
Q−ξ
β
)
+ ρ
√
π
2
Wξη
]
, (37)
vξ(− coth 2η, ρ) = v̂ξ exp
{
−a0π
8
cosh 2η
[
1
sinh2 2η
+ ρ2
]}
. (38)
Let us turn to the vacuum expectation value (VEV) of the strings of these fields (33). Following
[6] it is enough to consider only the product:〈
0
∣∣∣∣∣
p∏
i=1
Ψ
(li)
ξi
(xi, σ.ρ)
∣∣∣∣∣ 0
〉
, with: li = +1, for Ψi, and: li = −1, for Ψ†i . (39)
By virtue of the known relations for any numbers γi, with i, k = 1÷p, and for any linearly depended
on c(k1), c†(k1) operators liRξi(xi, σ, ρ) 7→ Ri = R(+)i +R(−)i :
p∑
i<k
γiγk =
1
2
p∑
i 6=k
γiγk =
1
2
( p∑
i=1
γi
)2
− 1
2
p∑
i=1
γ2i , (40)
p∏
i=1
N
{
exp [Ri]
}
= exp

p∑
i<k
[
R(+)i ,R(−)k
]N
exp
 p∑
j=1
Rj
 , (41)
the corresponding VEV of the string of the fields (33)–(36) reads2:
(
Λβ
2
/4π
√
2π
)p 〈
0
∣∣∣∣∣
p∏
i=1
Ψ
(li)
ξi
(xi, σ, ρ)
∣∣∣∣∣ 0
〉
=
〈
0
∣∣∣∣∣∣Nϕ
exp
 p∑
j=1
Rj

∣∣∣∣∣∣ 0
〉
· exp
{
i̟Sp − iΘ
4
Sp5
}
exp
{
1
4
[
e2ηS2p + e−2ηS2p5
]
lnµ
}
· exp
{
−a0 π
16
(
e2η
[
(1 + σ)Sp + ρSp5
]2
+ e−2η
[
(1− σ)Sp5 + ρSp
]2)}
·
p∏
i<k
eiπ(ξi−ξk)
[
x−i − x−k − i0
x+i − x+k − i0
]ξi+ξk [
i0 ε(x0i − x0k)− (xi − xk)2
]e2η+ξiξke−2η
lilk/4
. (42)
2Here for ξi ± ξk and ξiξk, we use ξi, ξk = +1,−1, and: δξi,ξk = (1 + ξiξk)/2, δξi,±1 = (1± ξi)/2.
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This expression provides at least five independent sources of superselection rules [2, 6] that usually
are associated only with conservation of scalar field’s (vector current’s) charge O and pseudoscalar
field’s (pseudovector current’s) charge O5, respectively. For the p -point Wightman function (42)
there are:
Sp ≡
p∑
i=1
li ⇒ 0, Sp5 ≡
p∑
i=1
liξi ⇒ 0. (43)
The first one defined by Oksak and Morchio et al., due to above mentioned conservation both of
charges, originates from the VEV of normal exponential in the r.h.s., taken, instead of |0〉, for the
vacuum state |υ̂〉 averaged with respect to the field-translation gauge group like (46) below, leading
to [6, 7, 8]:
〈
υ̂
∣∣∣∣∣∣Nϕ
exp
 p∑
j=1
Rj

∣∣∣∣∣∣ υ̂
〉
=⇒ δSp,0 δSp5,0. (44)
For the usual non-degenerate vacuum state |0〉 this VEV is equal to 1 identically [5]. Nevertheless,
these rules (43) arise again from the second line of (42) at the limit µ → 0 as a natural condition
of nonzero result [4]. We can suggest now three additional sources of these rules. The third one
is the ̟ - and Θ - independence condition for the VEV (39), (42), the fourth one follows from its
independence on the regularization parameter a0, and the fifth one follows from its independence
on σ and ρ whenever the corresponding transformations (19), (32) leave the vacuum invariant.
Obviously the a0 - independence of VEV (42) automatically means its σ, ρ - independence and vice
versa.
The independence on the initial values of overall and relative phases has purely fermionic nature
and does not reduce to the (pseudo) scalar field-translation gauge symmetry (46), which can only
shift their random initial values ̟ and Θ. It is worth to note the both superselection rules (43)
leave necessary for VEV (39) only the ultraviolet renormalization. Whence, only the last line of
(42) with product over i < k survives, which does not depend on the parameters µ, σ, ρ, a0, ̟,
Θ, and gives the well known expression for the p -point functions [2, 5, 6] with correct dynamical
dimensions.
The expression (42) provides an interesting exchange symmetry between the superselection rules
(43) or between the respective gauge symmetries. Due to ξ2i = 1, l
2
i = 1, the substitutions: li 7→ liξi,
e.g. Sp ⇀↽ Sp5, with η 7→ −η, σ 7→ −σ, gives the same expression of VEV (42) up to inessential
overall phase factor equal to:
exp
{
i (Sp5 − Sp)
[
̟ +
Θ
4
]}
exp
{
{±}iπ
2
Sp5Sp
}
exp
{
[±]iπ
2
p∑
k=1
ξk
}
, (45)
which does not depend on the both sign arbitrarinesses here, because for any integer N : e−iπN =
eiπN as an overall multiplier, and for the even number p the last sum also leads to even number.
6
3 Discussion and Conclusions
Since a0 (17) itself makes sense of regularization parameter, it should disappear in physical quan-
tities. But for any real υ it defines the VEV of the operator of the field-translation gauge transfor-
mation [6, 9], e.g.:
exp {iυO5}φ(x) exp {−iυO5} = φ(x) + υ, (46)
〈0| exp {iυO5} |0〉 ≡ 〈0|υ〉 = exp
{
−a0υ2
}
, (47)
which is well known in quantum theory of free massless (pseudo) scalar field [9]. The state |υ〉 is
a coherent state of harmonic oscillator, which according to (13) corresponds to zero mode k1 = 0
for L → ∞, and whenever simultaneously a0 → +∞, e.g., for the usual box of the length 2L [1],
then 〈0|υ〉 ⇒ 0 and the state |υ〉 defines another orthogonal vacuum state of the degenerate family
[4, 9]. The finite a0 for any continuous piecewise-smooth function of volume cut-off regularization
means the charge definition, which has nothing to do with previous thermodynamic limit and
corresponds to another vacuum structure of the representation space of (pseudo) scalar field [1].
A randomization of function k0δL(k
1) and corresponding value of a0 may be used for infrared
“stabilization” of Wightman function (15), which replaces the regularization parameter µ to some
finite scale M [4].
We see that, unlike Schwinger model [6, 10], as long as we deal with the solutions (33)–(36)
of above “phase decoupled” HEqs for ξ = ±, that preserve the ̟ and Θ arbitrariness, both of
superselection rules (43) and the conservation both of currents should be fulfilled independently of
chosen phase of the theory, including the phase with spontaneously broken chiral symmetry [4].
Only when both the rules (43) are fulfilled the VEV (42) does not depend on the regularization
and transformation parameters: µ, a0, and σ, ρ, ̟, Θ, and on the choice of volume cut-off regular-
ization. Whereas the discarding of second superselection rule (43) inevitably spoils the σ, ρ, and Θ
– invariance of this p -point fermionic Wightman function and its independence of the parameters
µ and a0. So, they should be fixed by some additional conditions [4], what seems impossible for the
regularization dependent value of a0. At the same time, the DM onto the free massive fields [4, 11]
will be free from that parameters.
Formally from this view point the breaking of the second rule (43) can be achieved or by intro-
ducing the mass term into HEq “by hand” [4], or otherwise, by excluding a0 via taking Mandelstam
solution with σ = 1, ρ = 0, supplemented with fixing of the values µ 7→ M and Θ [4]. However,
since one of the gauge symmetries remains unbroken: O|0〉 ⇒ 0, all the solutions (20), (24)–(30)
being connected by transformation (19), refer of course to the same vacuum state |0〉 regardless the
value of σ.
In spite of the impossibility to remove the µ and a0 - dependence for ρ 6= 0 with any σ, whenever
only the first of superselection roles (43) is fulfilled, all these parameters can be adsorbed into the
one parameter M by the re-scaling substitution:
µ 7−→M exp
{
a0
π
4
[
e4ηρ2 + (1− σ)2
]}
, (48)
7
leading to the factor MDp with the same “dynamical dimension” Dp = e
−2ηS2p5/4 in (42).
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